Abstract-Facilitated transport is characteristic of most living systems, and usually involves a series of consecutive adjacent transfer regions, each having different transport properties. As a first step in the analysis of the multiregional problem, we consider in a single unstirred layer the facilitated diffusion of fatty acid ͑F͒ in albumin ͑A͒ solution under conditions of slow versus rapid association-dissociation, accounting for differing diffusivities of the albumin-fatty acid complex ͑AF͒. Diffusion gradients become established in an unstirred layer between a source of constant concentration of A, AF, and F in equilibrium, and a membrane permeable to F. The posited system does not reduce to a thin-or thick-layer approximation. The transient state is prolonged by slower on/off binding rates and by increasing the thickness of the unstirred layer. Solutions to transient and steady state depend upon the choice of boundary conditions, especially for thin regions. When there are two regions ͑each with its specific binding protein͒ separated by a permeable membrane, the steady-state fluxes and concentration profiles depend on the rates of association and dissociation reactions, on the diffusion coefficients, local consumption rates, and on the membrane permeability. Sensitivity analysis reveals the relative importance of these mechanisms. © 2000 Biomedical Engineering Society. ͓S0090-6964͑00͒00603-2͔
INTRODUCTION
Facilitated, or carrier mediated, diffusion mechanisms play a crucial role in accelerating transport across membranes and through intracellular regions in many biological transport systems. All these transport processes involve a series of passive semipermeable or active barriers that separate the different regions, and each region has typical components such as protein carriers, catalytic or synthesizing enzymes, and reaction products or metabolites. Commonly, one or more of the regions is unstirred, and if the solute binds or adsorbs to a protein, solute flux depends on the mobility of the binding protein. 3, 14, 28, 40, 43 Classes of solutes that are transported in a bound, nontoxic form are those that might cause damage if in the free form, e.g., calcium inside cells or solutes are carried on specialized proteins in the plasma and released only via localized receptors, e.g., retinone and testosterone. Common examples, considering primarily the diffusional facilitation, are free fatty acid transport from the plasma through the endothelial cell and the interstitial tissue to the myocardial cell, oxygen diffusion in intracellular hemoglobin ͑Hb͒ and myoglobin ͑Mb͒ solutions, and calcium diffusion in parvalbumin solutions.
Fatty acid transport in the heart will serve as a focal example 36 for our model analysis. Over 99% of the fatty acid in the plasma is bound to albumin; this binding reduces the concentration of free fatty acid to levels that do not damage cell membranes. Both free and albuminbound fatty acid diffuse through the stagnant plasma layer near the capillary wall. The fatty acid is separated from albumin at the endothelial membrane, perhaps via special receptor/transporter sites, 36 transferred across the membrane and released into the cytosol of endothelial cells where it is complexed with another binding protein, fatty-acid binding protein ͑FABP͒. Although we once thought that there was no significant concentration of fatty-acid binding protein in cardiac endothelial cells, 18 more recent evidence for it is clear. 1, 19 Transport via clefts between endothelial cells is thought to be negligible because albumin cannot pass through the clefts and the fraction of fatty acid which is free is so small. 4 Next, the fatty acid is transferred across the abluminal endothelial membrane to the interstitial space, where it is again bound to albumin. Finally, it permeates the myocyte sarcolemma and enters the myocyte cytosol where it attaches to cardiac cell fatty-acid binding protein or is chemically transformed. Because such a high fraction of fatty acid is continuously bound during each of these stages, the contribution of bound fatty acids to the amount of fatty acid being transferred far exceeds that of the free form despite the slower diffusion of the bound forms.
Indicator dilution experiments by Rose and Goresky 24 demonstrated for palmitic acid high rates of unidirectional flux from blood to tissue in the hearts of anesthetized dogs. Van der Vusse et al. 35 found that transport from the blood was a saturable process, such that the fractional flux ͑moles transported per mole available in the blood͒ diminished as the concentration of the albumin-fatty acid complex in the blood increased. Although Weisiger, Pond, and Bass 40 argued that this might be due to interactions between fatty acids and free sites on albumin in an unstirred buffer layer adjacent to the endothelial wall, this seems less likely than saturation of receptor sites for the albumin-fatty acid complex, sites that are found in abundance on endothelial surfaces. 10, 12, 25, 26 The conductance or permeabilitysurface area product for the transport of unbound fatty acid across the endothelial luminal membrane was found to be about 6 ml g Ϫ1 min Ϫ1 , 35 a value too small to account for more than a small fraction of the total fatty acid flux in the heart, where the extraction is usually 50% or so, up to 70%. 2, 8, 17 Bassingthwaighte et al. 4 and Van der Vusse et al. 35 reached the working conclusion that intraregion facilitated diffusion ͑of free and bound fatty acid͒ and an additional mechanism at the membrane favoring the unbundling of fatty acid from the protein were both critical to achieving the high fluxes observed in vivo.
The working hypothesis that a membrane acceptor site is involved 4, 38 runs counter to that of Sorrentino et al., 32 Fleischer et al., 9 Weisiger and Ma, 39 Weisiger et al., 40, 41 and Zakim, 44 whose experiments and analyses led them to conclude that no membrane protein was needed to facilitate the dissociation of the fatty acid from albumin at the membrane, but emphasized that the rate of dissociation was limiting. The equilibrium dissociation constant observed by Spector et al. 33 for palmitate on albumin's highest affinity site was 3ϫ10 Ϫ8 M. Lower affinity sites carry a small fraction of the fatty acid unless the molar ratio of fatty acid to albumin exceeds 0.1 ͑see Refs. 33 and 41͒, while a typical physiological ratio is about 1, so more than one site is usually occupied. The rates of dissociation were found to be 0.06 s Ϫ1 at 25°C by Svenson et al. 34 and 0.14 s Ϫ1 at 37°C by Weisiger and Ma. 39 These values imply that the binding reaction or association rates are about 0.2-0.5ϫ10 7 M Ϫ1 s Ϫ1 . The observations of Daniel et al. 7 give even slower rates of dissociation from albumin, e.g., 0.035 s Ϫ1 for palmitate. The processes that govern fatty acid transport within different regions and across membrane surfaces are sufficiently complex that quantifying descriptions, mathematically defined hypotheses, are needed to elucidate the possible and probable ranges of parameters of the physicochemical system. The need to account for unstirred layers of solution adjacent to membranes is clear. 6, 13, 14, 28 Clearly, models assuming instantaneous equilibrium dissociation between plasma fatty acid and albumin in the unstirred layer or at the membrane surface cannot be used to assess the effects of slow association and dissociation. The conclusion of Van der Vusse et al. 35 that a membrane receptor should be considered was based on the experimental observation that the transport of free unbound fatty acid was too low to account for fluxes observed in the presence of albumin.
Such arguments are dependent on modeling analysis. A number of relevant models are of interest. Weisiger et al. 40 presented an analytical solution to the onedimensional steady-state problem. Assuming that the protein is in great excess so that its concentration is practically constant, they had only two independent variables to deal with: the concentrations of the free and the bound ligands. In another work, Weisiger et al. 41 have formulated an extended perfusion model of the hepatic sinusoid for those two independent concentrations ͑in their experiments the oleate to protein molar ratio equals 0.1͒. Schwab and Goresky 27, 28 have used Weisiger et al.'s equations and boundary conditions in modeling diffusion into a polyethylene sheet, 41 and in formulating the effect of an unstirred layer on the uptake of the ligand in the liver. 28 They formulated the transient case for the free and bound forms of the ligand. Sen 29 dealt with the problem of carrier-facilitated transport through thin films ͑in the oxyhemoglobin or myoglobin system͒ by assuming, as did Weisiger et al., 40 that the carrier is not an independent variable, thus reducing the model to two equations. Sen's asymptotic expansions are not applicable for a thick layer ͑the plasma͒ and, as suggested by Wittenberg and Wittenberg, 43 one cannot settle for thin-layer approximations when dealing with physiological systems. Gonzalez-Fernandez and Atta 11 used a numerical approach to a similar problem, employing a piece-wise linearization of the equations. Jacquez 15 and Smith et al. 30 developed numerical and asymptotic methods for the steady-state diffusion problem. Their solution is not restricted to a thin layer, but accounts for only two diffusion coefficients: for the free ligand and for the complex. These models are inappropriate when the protein/carrier concentration is an independent variable that changes with position and time, whether or not its diffusion coefficient differs from that of the bound complex. Considering the fatty acid transport problem, we note that the typical parameter values of this system fall between those for the very thin and the very thick layer ͑asymptotic cases͒. Consequently, the expansions that are cited for these two extreme cases are not exactly appropriate. Asymptotic expansions for the steady-state facilitated diffusion through an arbitrarily thick slab have been given by Ward, 37 Murray, 22 and Mitchell and Murray.
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All these solutions are based on the assumption that there are only two independent variables. Kolkka and Salathé 16 presented a general solution for the steady-state diffusion in a single region, but did not tackle the tworegion problem considered here. Schwab and Goresky 28 extended their approach and that of Weisiger et al. 41 by considering the problem in the context of a gradient in ligand concentration along the length of a capillary.
The present study focuses on time-dependent numerical solutions. The reasons are to allow the computation of transient states and to show a simple approach that can be readily extended to more complex situations such as combinations of boundary-layer facilitated diffusion and specialized membrane transport systems.
Most of the published theoretical analyses deal only with one-region diffusion, but in the biological setting there is transfer through regions in series. Bassingthwaighte, Wang, and Chan 5 considered a multiregion diffusion problem, the mass transport in a capillary-tissue region composed of four radially ordered domains. They assumed that the convection in the longitudinal direction is the dominant mechanism, with axial diffusion in all regions, and neglected variation in concentrations arising from diffusion in the radial direction. These radial variations within the different regions and the phenomena that occur at the membranes are considered in this paper.
The mechanisms that govern mass transport through the various regions may be different: different binding proteins, different reaction rates with binding sites, or of consuming reactions, etc. Consequently, their relative importance changes. Most of all, the controlling mechanisms of adsorption at the membranes' surfaces and transport across the membrane vary.
9,31,32,38 Gutknecht et al. 13 showed that transmembrane transport of bromine was via the unionized form but that, like albumin-bound F, the diffusional transport of the ionized form in the stagnant layer contributed greatly.
This composite situation calls for the formulation of a general type of model made of building blocks that can be used to simulate different kinds of domains by substituting the appropriate parameters, yet simple enough so as to be connected to other building blocks and create a continuous chain of domains, each with its particular mass transport mechanisms. To this end, we extend from a one-region model to consider two adjacent regions, each with its different proteins and diffusion constants. The mass transfer at the membrane separating the two domains affects the concentration profiles within the regions, and alternative boundary conditions are therefore studied. Here we simulate a simple linear transport through the membrane, whereby the flux is proportional to the concentration gradient. This provides a basis for subsequent developments involving carrier-mediated membrane transport of membrane-receptor mediated events.
MODEL FORMULATION
The present modeling is intended to demonstrate the relative importance of the different mechanisms involved, and serves as a building block for more advanced models. We start with what seems to be a very simple problem of transport in a ''slab'' of solution containing three species, i.e., albumin ͑A͒, free fatty acid ͑F͒, and their complex ͑AF͒, with concentrations C A , C F , and C AF , respectively. This layer is open on one side (xϭ0) to a bulk fluid where the supply of constituents comes from and is bound at the other end (xϭx 1 ) by a membrane with permeability P. The concentration profiles of the constituents in this layer are determined by association and dissociation reactions, by the diffusion of all three species through the slab, by local consumption, and by the membrane permeability. Next, we deal with the two-region model, where a second region that contains binding protein ͑B͒, free fatty acid and their complex ͑BF͒ receives F by permeation from the first regions, and loses F across a second membrane at the far end at x 2 . The first region may be considered the plasma unstirred layer and the second the endothelial cell. Numerical results and sensitivity analysis follow the formulation of the models.
The System of Equations for the One-Region Model
The unsteady-state set of diffusion equations for the concentrations of the three constituents is given by the following set of partial differential equations in the range of 0Ͻxрx 1 : 40 and are listed in Table 1 .
Note that if we assume, as has been assumed in the past, 11, 15, [27] [28] [29] 40, 43 that D A ϭD AF then the total albumin concentration satisfies the diffusion equation; given the proper boundary conditions we can prove that the total albumin concentration is constant throughout the whole region of solution, thus allowing an analytical simplification of the system of equations, but this cannot be done in the general case presented by Eqs. ͑1͒-͑3͒. However, by existence and uniqueness theorems, the system of Eqs. ͑1͒-͑3͒ has a unique solution that can be obtained by numerical procedures once the three initial conditions and six boundary conditions are provided.
Boundary Conditions
At xϭ0, i.e., at the interface with the bulk fluid which serves as a source for the various constituents, a steady supply of protein and fatty acid coexist in an equilibrium state, and the concentrations are constant:
where C F T and C A T are the total concentrations of fatty acid and of albumin at the source, which is determined by the experimental conditions. Equations ͑4͒-͑6͒ uniquely determine the concentrations at the source ͓actually, they result in a quadratic equation for C AF (0,t) but since C AF рC A T , the alternative root is excluded͔.
At xϭx 1 , the membrane is impermeable to both of the proteins, A and AF, and thus each of them has zero flux into or out of the membrane. Following Weisiger et al. 40 we call these the ''no flux'' boundary conditions, meaning that there is no gradient for diffusional flux at the boundary:
ϭ0. ͑8͒
Note that the above two conditions imply that the products of the chemical reactions taking place at the membrane face are being ''carried'' by diffusional processes yielding no net protein flux.
For the transport of F we consider two optional cases: Case 1: A finite leak of F at xϭx 1 , hence
Case 2: A complete sink of F at xϭx 1 , hence
where P is the permeability constant. Obviously, Case 2 is a special solution of Case 1 when P→ϱ.
Initial Conditions
At tϭ0: 
Ϫ7 moles/ml High albumin concentrations G 1 ϭ0.0-0.1 cm s
Ϫ1
First order metabolic rate constant These are arbitrary, given that at xϭ0 Eqs. ͑4͒ to ͑6͒ are satisfied, and could just as well be replaced by using zero concentrations throughout the slab. The choice of the linear distribution in Eq. ͑13͒ does not need justification since the steady-state solution is not affected by the initial distribution of the constituents but only by the conditions at the boundaries ͑see discussion in the Sensitivity Analysis section͒.
Metabolic Consumption of the Substrate
Kolkka and Salathé 16 have assumed a zero-order constant metabolic consumption across the slab. This assumption can introduce a mathematical difficulty when the substrate concentration is very low. Actually, a consumption function G(C F ), which is G 1 •C F in Eq. ͑2͒, might have one of the following forms:
͑4͒ A more complicated option is to replace the above irreversible reaction with a reversible one of the following type:
where E and M are the enzyme and the metabolite. This requires accounting for E and EF at each position, and the original system of three equations is extended to five equations by adding the following equations:
and
Note that two assumptions are associated with the above equations. First, the diffusion of E and EF is negligible. Second, the dissociation of EF to M and E is irreversible.
When k ϩ1 and k Ϫ1 are both fast compared to k Ϫ2 , there is effectively equilibrium dissociation for the binding of F to E to form EF and k Ϫ2 is the rate-limiting step. Thus, this option reduces to the above MichaelisMenten reaction with V max ϭE T •k Ϫ2 /2 and K m ϭk Ϫ1 /k ϩ1 .
Numerical Scheme
We replace the spatial derivatives with finite differences ͑central, second-order differences͒ and then apply standard routines to solve the resulting first-order, initialvalue problem. The interval ͓0,x 1 ͔ is divided into N subintervals, each of width ⌬xϭx 1 /N and Eqs. ͑1͒-͑3͒ are converted to 3N ordinary differential equations with 3N unknowns:
͕C A 0 ,C F 0 ,C AF 0 ͖ are needed for the solution of the ordinary differential equations for the first subinterval, and are determined by the concentrations at the source.
͕C A Nϩ1 ,C F Nϩ1 ,C AF Nϩ1 ͖ are needed for the solution at the membrane face (iϭN) and are given by writing Eqs. ͑7͒-͑10͒ in a finite difference form:
for the finite permeability case
͑15͒
The equality C A Nϩ1 ϭC A NϪ1 means the boundary is impermeable, or reflecting, and that the gradient for protein is zero. The first-order stiff initial value problem is solved using LSODE or LSODA FORTRAN packages which implement backward differentiation formulas, and the resulting linear systems are solved by a direct method ͑LU factorization͒.
RESULTS
The steady-state concentration profiles for the sets of parameters in Table 1 The general shape of the concentration profiles is similar for the two types of boundary conditions at the membrane and all initial concentrations: a monotonic increase of C A when propagating from xϭ0 to xϭx 1 , and a monotonic decrease of C F and C AF ; C A and C AF change linearly ͑except for a narrow layer near but not quite at x 1 , xϭx 1 Ϫ , where their slope is flattened due to the choice of the boundary conditions for A and AF at xϭx 1 Ϫ , zero gradients, to represent the impermeability of the membrane͒, keeping their weighted sum constant. But the slope of C F is characterized by a steep decrease near the membrane ͑as a result of the permeation through the membrane high F fluxes are created͒. The exact shape of the graphs is a function of the boundary conditions and the parameter values as discussed in the following section.
The steady-state results given in Figs. 1 and 2 were obtained with the numerical scheme written for the transient case. In order to determine a priori the time required to reach a steady state, we have estimated the time constants of the various mechanisms involved. These are the maximum of x 1 2 /D ͑the time constant of the diffusion͒, 1/G 1 ͑where G 1 is the consumption of fatty acid when it exists͒, and the time constant of the reaction terms which is given by
With the set of parameters given in Table 1 most of the change occurs within the first 30 s. The numerical results verify the estimation of the time constant. This is demonstrated in Fig. 3 , where we show the time dependence of C F for a case of high initial concentrations of all three constituents, which filled the region and were in an equilibrium state until tϭ0, when a sink was presented in the far end. When leakage at the membrane is finite, PϽϱ, the profiles of all concentrations are less steep because spatial and temporal changes are more moderate. Consequently, the system reaches its steady state sooner than in the sink case.
SENSITIVITY ANALYSIS FOR A SINGLE-REGION SYSTEM
The difficulties involved in performing experiments and obtaining reliable values for the parameters are compounded by the fact that the parameter values are highly dependent on the experimental conditions and may in fact change in vivo. Consequently, one must view the accuracy of the parameter values with caution. As Table 1 . At x Ä0.5 the ratio of fluxes of AF to free F is about 300. Schwab and Goresky 28 observed, parameter values estimated by fitting model solutions to data are also dependent on the details of the models. The comparison between the concentration profiles computed by this model and observed physiological concentrations should be done in the light of the following sensitivity analysis.
Dissociation and Association Rate Constants.
The effects of these rate constants on the concentrations are estimated while holding constant the value of k d1 ͑the equilibrium constant͒. By Eq. ͑6͒, a change of k d1 implies a change of the boundary concentrations at the source ͓C A (0),C F (0),C AF (0)͔ and the sensitivity to these parameters is discussed in Paragraph E below. When k d1 is fixed, the boundary ͑source͒ concentrations remain the same but the relative contribution of the reaction term varies with the values of k Ϫ1 and k ϩ1 ; as the reactions speed up ͑as k Ϫ1 and k ϩ1 increase͒ more AF dissociates near the membrane to ''compensate'' for the depletion in F by permeation, thus higher values of C F (x 1 ) are obtained and the steep gradient in F diminishes, while the gradients for both proteins become steeper. Conversely, for very low reaction rates F is lost at xϭx 1 but less F is supplied by the AF dissociation, leading to very low F(x 1 ) values. However, in contrast to the membrane region where the concentrations are governed by the F leakage, near the source the concentrations are determined by the interplay between the diffusion mechanism and the chemical reactions. Therefore, near the source, slower reactions lead to shallower gradients in protein concentrations, and lower net flux of F. These phenomena as well as the high sensitivity of the concentrations with respect to k Ϫ1 and k ϩ1 are demonstrated in Fig. 4 . Boundary Conditions at the Membrane (xϭx 1 ). By comparing the continuous versus the dashed curves in Figs. 1 and 2 ͑moderate P versus infinite P, which is a sink͒ one deduces that the rate of transport at the membrane affects the shape of the concentration profiles throughout the region, with the largest effects observed near the membrane.
Increasing P above 5 cm s Ϫ1 results in almost no change in the solution because the permeability is large enough that the membrane behaves like a sink for F and the flux is then limited by the rate of dissociation from AF→F ͑see Table 2͒ . Decreasing P means restricting the loss of F, so the profile of C F (x) is flatter and C F (x) is closer to C F (0). Obviously, the dependence of the solution on P is weak at very low or very high values of P, but is strong for intermediate values, e.g., 0.01Ͻ P Ͻ0.1 cm/s, when flux by diffusion and by permeation are comparable, and when dissociation of F from AF is not rate limiting. For these P values, doubling P gives a reduction in C F (x 1 ) to 60%-75% of the previous level, depending on P. When P is very high, so that the permeation is not limiting, then doubling P halves C F (x 1 ), so that J F is not greatly changed and the diffusion of AF becomes the limiting factor. Table 1 . Other parameters are as in Table 1 . Boundary conditions are as in Eqs. "4…-"9….
Initial Conditions. The steady-state solution was found to be insensitive to the choice of the initial conditions, as long as they do not contradict the boundary conditions. When the linear distribution of C F ͓Eq. ͑13͔͒ was replaced by a quadrature ͑parabolic dependence of C F on x͒ the differences became minor and insignificant within less than 5 s. This reflects the tendency of the solution to reach an equilibrium within a short time. Perhaps a more ''natural'' choice of initial conditions is the following: assume that there is a region that contains only albumin ͑with C A T concentration͒ and at a certain moment (t ϭ0) we attach this region to the source, i.e., at xϭ0 this region has C A , C F , C AF values that are identical to the source equilibrium values, but the rest of the region (x Ͼ0) is still unaffected, specifically,
where the source concentrations are uniquely determined by Eqs. ͑4͒-͑6͒. Using these initial conditions results in the same steady-state concentration profiles as in Figs. 1-2, the ones computed with Eqs. ͑11͒-͑13͒. The only difference is that now it takes longer to reach the steady state. This could be expected since applying linear C F decrease at tϭ0 resembles more the final, steady-state situation than Eqs. ͑16͒-͑18͒, which are of the delta function type. Applying Eqs. ͑16͒-͑18͒ for the case of initial high albumin and finite leakage at xϭx 1 necessitates Tϭ80 s for obtaining steady-state concentrations, doubling the time it takes when using Eqs. ͑11͒-͑13͒.
For the low albumin case much shorter times are needed.
In conclusion, one can use any initial conditions that satisfy the boundary conditions at xϭ0 and xϭx 1 . The only effect would be on the rate of the convergence of the numerical, transient solution to the steady-state one.
The steady-state solution was reached here in about 35 s, whereas Schwab and Goresky 27 found that it took less than 10 s to reach a steady state. This discrepancy between their findings and ours is explained by the strong linkage between the stability of the solution and the values of the parameters: they have used a permeability constant which is 5-6 times smaller than the one we used. Therefore, all changes in their model are less pronounced and steady state is achieved more quickly.
Concentrations at xϭ0. The concentration curves are highly dependent on the concentrations at xϭ0 as is evident from a comparison of Figs. 1 and 2. It is most interesting to determine the effect of the source concentrations on the profiles within the region, because such determinations reveal the extent of the diffusional facilitation by a mobile binding protein. The relative efficiency of the transport of F we define as the fraction of the F supplied at xϭ0 that is transported at x 1 , and for any given P. Figure 6 presents those C F ratios as a function of C A T /C F T* , demonstrating: ͑1͒ A highly nonlinear dependence of the F flux on the protein concentrations. At very low protein concentrations there is practically no facilitation and C F (x 1 ) is determined by the diffusion rate of F alone and the permeability of the membrane. Thus, at low protein con- centrations when P is very low most of the F is confined within the region yielding high C F (x 1 )/C F (0), while high P gives high clearance of F and low C F (x 1 )/C F (0). At high protein concentrations it is more likely that the rate-limiting mechanism is the finite permeability of the membrane, and thus increases of C A T /C F T above 2 have little effect on C F (x 1 ). However, for intermediate values of protein concentrations near C A T /C F T ϭ1 the facilitation of the transport of F by the proteins is pronounced. This saturation-like dependence is typical for any system that involves several mechanisms where for each range of parameter values a different mechanism is rate limiting. ͑2͒ Because of the nonlinearity of Eq. ͑6͒, keeping C A T /C F T constant and raising all concentrations accordingly involves higher C AF (0) at the expense of C A (0) and C F (0) and in general, we find that although AF cannot leak through the membrane ͑therefore its flux there equals zero͒, the higher C AF is, the more efficient is the F transport. This is shown in Fig. 6 , where raising C F T ͑and C A T in proportion͒ from 10 Ϫ5 to 5ϫ10 Ϫ4 M results in higher ratios of C F (x 1 )/C F (0), except for a small range of C A T /C F T Ͻ1.0 where the albumin binding reduces the relative efficiency of transport. ͑3͒ Facilitation via diffusion of AF is greatest when each F that is dissociated from AF may permeate through the membrane.
Note that physiological systems are often characterized by values of C A T /C F T just greater than 1.0, where facilitation is highly significant.
Metabolic Consumption. Just as for the relative concentrations, the interplay between the various mechanisms determines whether the profiles are highly sensitive with respect to the rate of consumption G 1 within the unstirred layer. From inspection of Eq. ͑2͒, whenever k ϩ1
•C A ӷG 1 , then G 1 has little influence on the flux. For the fatty acid case, k ϩ1 is of the order of 10 10 moles Ϫ1 ml s Ϫ1 , and at only very low concentrations of A will a small G 1 be a major factor. Consumption of F in the unstirred plasma layer or space of dissociation in the liver is certainly small, but not necessarily zero, for there is uptake into micelles. Thus, for the physiological range of parameters, the consumption is secondary compared to the dissociation mechanisms, and to the permeation process. The sensitivity of the solution to G 1 in the range of 0.05-0.10 s Ϫ1 is small. When the consumption is so high that half of the available F is consumed, there is only an increase of 16% in the slopes ‫ץ‬C A /‫ץ‬x and ‫ץ‬C AF /‫ץ‬x for the high albumin case. The result at the boundary is that C A (x 1 )/C A (0)ϭ1.159 instead of 1.137 when there is no consumption; the difference is small because there is enhanced AF dissociation when F is reduced by metabolic consumption.
FORMULATION OF THE TWO-REGION MODEL
The System of Equations 
where D B , D F 2 , and D BF are the diffusion coefficients of B, F, and BF respectively; K ϩ1 , K Ϫ1 are the association and dissociation rate constants for BF. The term G 2 •C F indicates first-order metabolic consumption of F in Region II.
Boundary and Initial Conditions
At the source end, Eqs. ͑4͒-͑6͒ apply. At xϭx 1 we have to consider the two faces of the membrane.
At xϭx 1 Ϫ ͑the inner side of the midmembrane͒: A and AF are confined to Region I, thus Eqs. ͑7͒ and ͑8͒ still hold. However, Eq. ͑9͒ or ͑10͒ is replaced by
͑22͒
For purely passive transmembrane permeation P 2 will ordinarily be identical to P 1 , but these may differ for many reasons, for example, differences between the pH or potential within the regions. Similarly, at xϭx 1 ϩ ͑outer side of the midmembrane͒, the impermeability with respect to the proteins is expressed by
and the permeation of F through the membrane at x 1 is given by
͑25͒
At xϭx 2 ͑far end of Region II͒ we write
Assuming a linear permeability of F through the x 2 membrane, and considering that no F exists behind the membrane so that there is no return flux, yields
Initial conditions at tϭ0. As was true for the one-region model, the steady-state situation is insensitive with respect to the initial distribution of the constituents in the two-region case as well. One option is to assume that before the diffusion process started we had two regions; each region contained a different type of protein with a given concentration ͑C A T and C B T ͒. Then, at tϭ0, we attached Region I to a source where fatty acids and albumin are in equilibrium state. Thus the initial distribution of the various constituents is
The Numerical Scheme
The system of Eqs. ͑1-3͒, ͑19-21͒ is solved simultaneously using Eq. ͑29͒ for initial conditions and Eqs. ͑4-8͒, and ͑22-28͒ as boundary conditions. The numerical procedure follows the lines described in the Numerical Scheme section, the system of equations is converted to an initial value problem by using central differences instead of spatial derivatives. The initial value problem is solved efficiently by the LSODE routine ͑a routine that implements backward differentiation formulas͒. Since there is bidirectional flux of F across the first membrane the systems of equations in the two regions are coupled and must be solved simultaneously.
RESULTS
The numerical results are obtained by using the parameter values listed in Table 1 for Region I and those listed in Table 3 for Region II. The C A T and C F T values chosen were for the high albumin case. Here the transient period is longer than the one found for the one- ) and C F (x 1ϩ ) stabilize. The duration of the transient period is governed mainly by the thickness of regions, by P 1 , P 2 , and P 3 and by the diffusion and dissociation rates. When one simulates the transport of F for capillarytissue exchange within the myocardium the second stagnant region is the endothelial cell, with a typical ␦x length of 0.4 m ͑lower boundary of ␦x in Table 3͒ for endothelial cells and more than 30 m for some muscle and fat cells. When Region II is thin the gradients in protein concentrations are negligible ͑Table 4͒ but are substantial when its thickness is comparable to x 1 ͑Table 5͒. Gradients in F are determined mainly by the rate of transport at the two membranes. C F changes considerably within a region, no matter how narrow it is.
In general, each region is characterized by a monotonic, linear increase of the unbounded protein and monotonic decrease of both free and bounded fatty acids. A discontinuity in C F occurs at the membrane at x 1 , as in Fig. 7 ; this discontinuity is always a decrease when P 1 ϭ P 2 but can be an increase if a concentrating process such that P 2 Ͻ P 1 , i.e., if there is asymmetric permeation with the rate from Region II to Region I being less than that from I to II.
The accuracy of the numerical method is evaluated by determining whether or not the fluxes in steady state are independent of x when there is only loss at x 2 ͑no metabolic consumption͒.
The total F flux from left to right ͑or toward higher x͒ is given by: The ratio ͓max J F (x)Ϫmin J F (x)͔/J F (x 2 ) is a measure of the accuracy of our numerical solutions. We found that the ratio of flux variation to the mean flux of J F (x) is 10 Ϫ4 at most, meaning that the flux of F is virtually constant ͑and therefore accurate͒ and that steady state was reached.
SENSITIVITY ANALYSIS FOR THE TWO-REGION SYSTEM
The conclusions drawn in Section 4 regarding the sensitivity of the concentrations with respect to the reaction rate constants, coefficients of diffusion, the initial conditions and the consumption reactions, all remain valid here as long as the thickness of the regions is comparable to that considered there ͑50 m͒ and the sensitivity of the concentrations is similar to that found for Region I where a change of parameters of one region affects the other region as well. When we put x 2 Ϫx 1 at 0.1 m, as for the thinnest part of the endothelial cell, the sensitivity with respect to reaction rates, diffusion coefficients and metabolic consumption within Region II is diminished.
Sensitivity with Respect to P 1 . Increasing P 1 means that more F is transferred from Region I to Region II. The asymmetry, P 1 Ͼ P 2 , will lead to a situation where C F is higher in Region II than in Region I, as seen for example in column three of Table 4 , unless losses by G 2 or P 3 compensate. In general, increasing P 1 makes the gradients of all concentrations in both regions steeper; more F permeates the membrane at x 1 , and the gradient of C F increases, thus more of C F (x 1 Ϫ ) is lost, and this causes an enhanced AF dissociation that leads to steeper gradients of both C A and C AF . Much more F is available for Region II, which means higher C BF and lower C B ͑due to the high affinity of the fatty acids and the binding protein: when there is higher C F the protein tends to be in a bound form͒. However, when ␦x for Region II is large ͑e.g., 40 m͒, then raising P 1 leads to steeper gradients of C B and C BF as well. As for the one-region case, when P 1 is sufficiently high the sensitivity with respect to it diminishes but within the physiological range of parameters there is a very high sensitivity with respect to P 1 . For example, increasing P 1 tenfold causes four-times steeper gradients within Region I, almost five times higher values of C F at Region II and a 60% increase in the fraction of bound protein concentrations within Region II ͑C BF /C B T ϭ84% for the high P 1 case compared to C BF /C B T ϭ53%͒.
Sensitivity with Respect to P 2 . Increasing P 2 allows more F to return to Region I from Region II, thus reducing the gradients of all concentrations. The reason is straightforward: when there is less net flux of F from I to II, C F in Region I is higher and ‫ץ‬C F /‫ץ‬x is smaller and the gradients in A and AF are likewise reduced. In Region II, since C F is relatively low, most of the binding protein B remains in its unbound form. As was the case with P 1 , the high sensitivity with respect to P 2 also depends on the range of parameter values, and saturation occurs when P 2 is above a certain level ͑P 2 Х1 cm/s and P 1 ϭ P 3 ϭ0.008 33 cm/s means that almost all F moles that are transferred to Region II return to Region I, and a further increase of P 2 would not affect the concentrations͒.
Sensitivity with Respect to P 3 . Increasing P 3 increase the net flux of F from left to right at all positions, x, thus increasing gradients of all concentrations. The three permeability parameters have different effects. Increasing P 2 or P 3 lowers C F values in Region II ͑because the leakage of F from Region II is enhanced͒. While high P 2 enhances flux from II to I and reduces the gradients within Region I, raising P 3 has the opposite effect, because depletion of F within Region II increases the flux of F from I to II causing steeper gradients in Region I. In this sense P 3 plays the same role as P 1 does ͑but to a lesser extent because of the barrier resistance at x 1 ͒. Within Region II, P 3 and P 1 have opposite effects: increasing P 3 leads to a higher degree of BF dissociation ͑in order to replenish the F that is ''lost'' at x 2 ͒, and thus reduces C BF . Increasing P 1 leads to higher values of C BF because more F enters Region II.
DISCUSSION
We have presented a simulation of mass transfer by facilitated diffusion mechanisms in one and two-region systems. This model represents an extension of the one region, two variable, no metabolic consumption, steadystate model of facilitated diffusion ͑e.g., Refs. 28 and 40͒. We have, however, not extended the model as they did to account for intracapillary axial gradients from inflow to outflow but focused here on the local radial gradients. The multiregion model may also have to account for receptors and carriers within the membranes instead of the simple passive transport at the membrane that is modeled here. Ichikawa et al.
14 obtained experimental data showing that if the membrane permeability to the ligand is low, the albumin contribution to the flux is negligible. Such might be the case for fatty acid, for which the myocardial endothelial permeability appears modest, 35 leading us, unlike Ichikawa et al., to believe that there may be an additional mechanism at the membrane for releasing the fatty acid from the albumin.
We believe that the way to elaborate the more complex phenomenon is by formulating a series of models of increasing complexity, starting with this one, because:
͑1͒ One can achieve valuable information and understanding from studying the simpler models. For example, the dependence of the concentrations on the reaction rates or on the coefficients of diffusion found for the one region, simple case remains valid for the two-region case and is expected to be true also in cases where more complicated, carrier-mediated transport occurs at the membrane.
͑2͒ Comparing one model variation with another reveals the importance of the factors that are accounted for in one model and ignored by the other one. Thus, the relative importance of the various mechanisms and simplifying assumptions can be elucidated.
͑3͒ The analysis demonstrates that a simple model can serve as a building block for a more complicated case. Thus, a straightforward extension of the system of differential equations enables the numerical solution for the n-region problem. Likewise, replacing G•C F with any other function of C F enables us to apply any consumption reactions, replacing the boundary condition with another that accounts for carriers enables more accurate simulation of the transport within the membrane. All this is accomplished by using the same methodology.
In addition, applications to other than fatty acid facilitated transport systems are through finding the appropriate parameters. Sensitivity analysis can help determine a priori how the system under consideration will react and in what ways it will be different from the free F ''study case.'' It might also help in designing experiments because it gives us guidance as to which are the most important parameters, e.g., from our analysis it is clear that determination of the diffusion coefficients within Region I is crucial, but as long as Region II is very narrow only a rough estimate of the diffusion coefficients within Region II will do. The insensitivity of the model with respect to the low rates of metabolic consumption means that error in the estimates of the consumption reactions has little effect, and that it is much more important to have accurate measures of the dissociation rate constants.
The parameter values selected for the conditions described here are taken mainly from those considered by Weisiger et al. 40 for the low albumin example case and of Van der Vusse et al. 35 for the high albumin case. The latter case, with C F T /C A T ϭ0.9, is in the normal physiological range. Our analyses differ from those of Weisiger et al. 40, 41 in the way C F is calculated; they used an approximation suitable for equilibrium at low molar ratios only, C F /(C AF ϩC F )ϭ1/(1ϩC A T /k d ), while we account for an exact equilibrium in the source solution for single-site binding. However, we know that Spector et al. 33 demonstrated that there were several binding sites for long-chain fatty acids on albumin, raising the question of the adequacy of our single-site assumption. Bojesen and Bojesen 6 found that they could account well for the first three binding sites, which is quite adequate for the physiological range up to C F T /C A T ϭ1.5. ͑1͒ Within each region the concentration of the uncomplexed protein increases monotonically toward the site of loss of F, while the concentrations of fatty acid in both its free and complexed forms decrease.
͑2͒ The concentrations of proteins vary linearly except for a narrow layer near the membrances, where they tend toward zero gradients. The sum of the proteins weighted by the diffusion coefficients remains constant with time and with location.
͑3͒ The gradient of C F changes considerably when F approaches the membrane, going from moderate to steep.
͑4͒ A steady state is achieved within 0.5 to 3 min depending on the initial conditions and on the parameter values. With two regions of comparable thickness there is a long transient period. Having a time-dependent method of solution is important for dynamic situations.
͑5͒ Our steady-state solutions are not sensitive to the initial conditions at all. They are less sensitive to low consumption rates than to reaction rates, diffusion coefficients, permeability constants at the membrane, and concentrations at the source. In a multiregion situation, parameters of the thicker region have a significant effect on the other region, but a very thin region has only a negligible effect on its adjacent region.
͑6͒ The interplay among all the parameters determines the overall sensitivity of the concentrations, e.g., the threshold level that designates the saturation with respect to the permeability constant changes with the change of the source concentrations, or the sensitivity with respect to the diffusion coefficients diminishes when the length of the region is shortened etc.
͑7͒ Facilitation of fatty acid flux by diffusion of AF increases the flux of F by 50-300 times while maintain-ing low concentrations of free fatty acid in order to prevent damage to cells.
The most natural extension for these models is one that simulates more accurately the transport across the membrane. We feel from the data of Van der Vusse et al. 35 that it is most likely that there are albumin receptors on the membranes which facilitate the release of F from AF there. There is abundant discussion and debate on this point, nicely reviewed by Weisiger 42 and extended by Schwab and Goresky. 28 Expressing a viewpoint opposite to ours, Morgan et al. 21 show that the flux of ligand across an inert membrane between two compartments ͑mixing chambers without diffusion gradients͒ was constant over a wide range of total ligand concentrations at constant ligand/albumin ratio, and that the fraction of ligand permeating diminishes as the albumin concentration is increased. Our present model will give these results by setting the diffusion coefficients and k d1 to high values. While these analyses give results directionally similar to the observations of Weisiger et al. 40 and to those of Van der Vusse et al., 35 the absolute fluxes are quantitatively inadequate if the observations of Van der Vusse et al. 35 on the values of P are correct. The nature of the linkage between the carriers and the receptors or transporters is still unknown. Do the receptors carry F through the membrane or do they simply strip the F from AF, raising the local concentration above the equilibrium level? A future investigation of these issues is critical to the understanding of fatty acid transport.
Note added in proof: To obtain the equilibrium concentrations at the source, given C A T , C F T , and k d 1 
